This note describes the solution of the Helmholtz equation inside a nanotorus with uniform Dirichlet boundary conditions. The eigenfunction symmetry is discussed and the lower-order eigenvalues and eigenfunctions are shown. The similarity with the case of a long cylinder and with that of the vibrations of a circular elastic membrane is discussed. This similarity is used to propose a classification scheme of the eigenfunctions based on three indices.
I. INTRODUCTION AND SYMMETRY CONSIDERATIONS
Over the past years, toroidal systems have drawn much interest in solid state physics, surface physics, and photonics in relation with the development of high-Q optical resonators We represent the torus in a system of axes with the origin at the torus center and the Oz axis coinciding with the torus axis. The torus axial symmetry motivates writing the Helmholtz equation in cylindrical coordinates r, z, ϕ. The symmetry also entails that the solution of the three-dimensional Helmholtz equation can be written as
leading to the following two-dimensional equation
The boundary conditions determine what are the allowed eigenvalues k 2 n,ν,m and eigenfunctions φ n,ν,m (r, z) of this equation. In this note, we restrict ourselves to the case of uniform Dirichlet boundary conditions, which impose that the eigenfunctions vanish on the toroid surface. The meaning of the subscripts n and ν is discussed in more detail in Sec. III. As for m, its relation with the magnetic quantum number in atomic physics is obvious. As in atomic or molecular physics, the states corresponding to the different values of m could be called s, p, d, . . . states in accordance with their symmetry; in fact, as the symmetry of the torus is not spherical, but cylindrical only, the notation σ, π, δ, . . . would probably be more appropriate. In the case of tori, there is nothing equivalent to the azimuthal quantum number l.
The solutions of the Helmholtz equation depend on a single geometrical parameter α = r M /r m , the ratio of the torus major radius to its minor one. We use the torus minor radius r m as unit of length, so that all the quantities in the Helmholtz equation are dimensionless. Accordingly, the unit of k n,ν,m is 1/r m = 1. Due to the existence of a symmetry plane perpendicular to the torus axis, the eigenfunctions of Eq. (2) are either symmetric or antisymmetric with respect to a reflection onto this plane. By analogy with molecular physics, we label the symmetric states with the superscript + and the antisymmetric ones with the superscript −. It remains to decide on a further classification to differentiate the states with the same value of m and the same reflection symmetry. This question of classification of the solutions of the Helmholtz equation in toroidal systems does not seem to have been previously considered. As this aspect is more easily discussed for particular examples, we first specify which methods we use to solve the equation and describe the solutions obtained with these methods. The solutions with ν = 0 show more or less concentric antinodes with a central one next to the circle center. The distance of this central antinode to the section center depends on the values of m and α. In general, the larger m or the smaller α, the larger the distance between the antinode and the section center. In the case of ν = 0, the index n gives the total number of antinodes. This is exemplified by the top left graph with n = 1, ν = 0 and the bottom right graph with n = 2, ν = 0, in Fig. 2 . In the eigenfunctions with ν = 0, there is no nodal line intersecting the circular boundary, so that these eigenfunctions keep the same sign in the whole region close to the circular boundary. This is in agreement with the fact that the value ν = 0 is not allowed for antisymmetric solutions.
In the solutions with ν = 0, the antinodes are located on more or less circular rings.
The index n gives the number of rings and ν gives the number of antinodes with the same phase, say the number of maxima, on each of these rings. As an example, the solutions in the graphs b and c of Fig. 2 in the case of the solution in graph c.
All that precedes shows that n plays a role similar to that of the principal quantum number in atomic physics while ν has some similarity with the magnetic quantum number.
However, in the case of ν, the similarity is only superficial since the center of the torus circular section is not a center of symmetry. For tori, the actual magnetic quantum number This is shown in Fig. 3 which compares the eigenfunctions with n = 1, ν = 0, and either m = 0 or m = 5. Again, the value chosen for the ratio of the torus major axis to its minor one is α = 1.1. In classical mechanics of massive particles or solids, the displacement away from the axis of rotation is due to the centrifugal force. As illustrated here, a similar effect exists in wave mechanics. This correspondence between classical particle mechanics and wave mechanics is a conceptual fact worth to be noticed.
The geometrical properties of the eigenfunctions of the Helmholtz equation in circular tori discussed here are in direct relation with that in the case of very long circular cylinders.
Indeed, at the limit of a very large major radius to minor radius ratio, i.e., α → ∞, tori tend toward this type of cylinders. Therefore, the comparison with the case of cylinders should help to understand the geometrical features of the eigenfunctions in tori and the meaning of the n and ν labels introduced here. This justifies that we now turn to a description of the solutions of the Helmholtz equation in long cylinders and to the comparison of these solutions with those in the case of tori. 
and the Helmholtz equation reduces to the following two-dimensional equation
The meaning of the indices n and ν will become clear hereafter. For our purpose, we restrict ourselves to the case l → ∞ with m remaining finite. Then, the last term between the square brackets in Eq. (4) The separation of variables gives two types of solutions. The solutions of the first type
They are symmetric with respect to the reflection transformation θ → − θ. Those of the second type are antisymmetric with respect to the same transformation. They are written
The condition that the solution be single valued implies that ν = 0, 1, 2, . . . . However, as shown by Eq. (6), the antisymmetric solutions with ν = 0 do not exist. The similarity with the case of tori explains that these solutions do not exist in tori as well. Recall that in the present note, we restrict ourselves to uniform Dirichlet conditions. As in the case of tori, we use units such that the radius of the circular section be equal to 1. Then, the Dirichlet boundary conditions, which require that the solutions vanish on the circle, give quantum number in atomic physics. For this reason we call it n, as we did in the torus case.
The second index specifies the symmetry of the eigenfunction with respect to rotations around the cylinder axis, so that the notation m would be appropriate. However, our purpose here is the comparison with the case of tori which have a different axis of rotation and for which we have accordingly used the notation m earlier. This leads us to somewhat arbitrarily choose the same notation ν for cylinders as for tori.
Let us compare the results for long cylinders with that of tori on an example. Consider, e.g., the symmetric solution of Eq. (5) with ν = 3 and n = 2, namely η with a plane normal to the cylinder axis. In spite of the extremely small value of the torus α ratio, there is a surprisingly high similarity between the two functions, at least from the quantitative point of view. This justifies that we use the same indices to identify the eigenfunctions of the Helmholtz equation in tori as well as in cylinders. We previously observed that the eigenvalues of the Helmholtz equation in tori should tend to those in long cylinders for α → ∞. This is illustrated in Table I , which gives the symmetric eigenvalues k +2 n,ν,m and the antisymmetric ones k −2 n,ν,m for ν = 0, 1, and 2, n = 1 and 2, and m = 0 or 1, for α = 3 and α = 10 and compare them with the corresponding eigenvalues κ 2 n,ν for long cylinders.
IV. CONCLUSIONS
As stated in the introduction, the goal of this note is to provide the researchers interested in the Helmholtz equation in toroidal systems with a description of its solutions and an information on their basic properties. This should enable them to use the computer programs available on the associated web page, Ref. 7 , to obtain eigenvalues and eigenfunctions of the Helmholtz equation in accordance with their specific needs. Another goal is to provide teachers in charge of a course of lectures in mathematical physics or in numerical methods of solving partial differential equations with examples and illustrations. Our expectation is that we have reached these goals.
